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Hash Functions

Functions that take iwputs of miw Le.-njth and, oo-mpmss them JUnto

Shoat, ff’md. length eutpuks.
_jarbila tﬁﬂjbh

H : fo.i}*-—a' {o,13n
A hash fb(.ﬂc,t?ﬂh ﬂatw;,a.uy has “tollisions , where & Colliston s &F&fﬁ. oj—

datinct  elements % amnd ', sucth that  H(w) = HOC).

Agood, hash juwaion 5:‘3@&13 jcw wUlslons, becoumse when a
coUiston happens , two  elements end up un the Same row (n the
hosh table , Un teasing the Llookup tome .




Collision - Reststont Hash Funcbons

Collistom -mesistant hash f.mc,ti’,ons (CRHF) anre uﬁpm\ajm}mﬁc Versions oj—
hash funciions , where the gook JA Mot Uow'b to minimize +the
Nnyumbes of colstons, but Lt sheuld alse be uﬁﬂj&ﬂéf—btt Jlmf any
Pﬂubabflls'tit Polﬁﬂomﬁal,-ﬁmc Q,ijuﬁthm tof'noL a olLston tm H.

Note thot CRHFs one St Lom’)mess?oﬂ j’b{.ﬂ(.i:t}ﬂs, so (ollestoms exist,

but wcju,st wenmt  Swch  Collistons to ke hoad to :ff;nd,.

We f:UPfca,u:«j consiader Kcycd, CRHFs.
HZ(%) = H(K,%)
Unlike cUl Othea P.nfmfb?,uu we howve caacssect So fﬁu‘u, here we donm't conre
about hfdﬁhﬂ the Ketf'
It Should be hond to f«fnaL o coulslon in H*, for A ondomly

chostm K, evenm 35%7\ K.




Colllsiom — Restatant Hash Funckons

>

Deftnition: A family of functions H=h i D Refex A5 O coUlsion —
Aesistont  hash jﬁunoblow faw\iud (CRHF) L4

Eas\tj to Sa,mf:te.: Theae excsts a PPT Grem , Sucth that K<—Gen(n), KEK,

Comfua&ssfoﬂf [ Re| < [ Dkl-

Easy to Evaluate: There exlsts o /:Dbynomt'lal,-‘fim& aJLjo'rEf:hm Eval ,
sSuch that, 3fvem €Dy , KEK, Evad (K,x) = hg(n).

Colliston Resatance ! Foa all non- uniform PPT aclversoodes A, there

ﬂx.&ts o heﬁbf;gibte_ Jlumcbfow ALY, Such that

4

wEtrx' and K<— Glen(n) ,

P | < ().
thx) = "IKC’K-) CKVXJ)*—'A(K,n)




S Sou ! : : HF.
H={ H .{:ug > fou} jﬂe]( s o fomily of X
Let H“:fn,li*-’ {G.If be oo Collision Aeststant hash functf,on. Is the juLbowL‘rj

alse o (:ubLZsEom Aes tant hosh ?
A K n
H(x) = H (x,”xl” - Xn-) > Where x= X flxn ¥ eath xjéefodd,
NBJ (ff WeE Ol aLaLMLnj thot s mot Collusion- Attont , then we must

Sﬂue; am example oj- e tolusLlon)

Comsicen twe fﬂ’:u,ts X = XA Xn Lo = .31 (K% (R 1S
)

Wheae Ay F Ly

Tt «a easy to see that f-?':(‘x.)= HY (%) - - Nen-r) = g“(m’)

Sinte both thesc mpu,ts hash to the Same M/Dmt s L& O

eumeLe oj o coUlston.



¥2

et HL: fu,li*-* {ﬂ.ljh be oo tollusion aeststant hash functf,un. Is the juLLowL‘r\Lj

o . A K vl
alse O colision weswtant hosh ? H*GO) = HOO @1,

Vesl (Ij we QoA Ltafmfya that Hus us (oUWislom Atstbant , we musk chLGLLﬂ why

TgPir.zLu_ﬁ, the deanest GU\ﬂLLYhEﬂb W via Pmo]‘ by Lonts odictiom).

Aet uus asSume Jlm' the soakKe c?f contradicteon that H- Js not (coLLst;q
3wcn K

resstant.  Thes means that Ut us e.a,sg j*o-r some PPT a.dmswyr

find (o, '), Swch  that A0 = A0
2D 1608 N = R%) & 1" = B = HYOX).
2 Sweh o f\a_:h (%, %) UCS. aleo a collLsLom un Hx.

colliston wmesiatant , no PPT aovey Sony  Showld be oble j—{nq, SUth
Collisions un HS, e,xufb with nﬁl}:ﬁfue Pmbabflil%l. Thacforc, SUA
aj:.swmf:tmn must be wro*nj, and mno PPT Acdv Shoulel be able to
S A% W adse a CRHF

@ [}
Howewer, Since f—fK AL

e.aun.lﬁ Lfvnd. CoULsions h H”".



¥z

Let H:fo,li*-* {ﬂ.ljh be oo tollusion aeststant hash fwnwf,un. Is the jnLLowLnj

alse O  CollLsion A&Sfbt‘ﬂmt h&sh?

A K K .

H(x)= H{(H(O)

Jesl we can wse o similown m:,]u.ment' oA un the Pmo{lom %esﬁ,on.

A A
Let (»,%x') be suth that HKC'K.)"" H ().

D H(H ) = H(H (WD)
S efthen H () = H (%)  Jn whicth case
3=HKCTL) , lj’=HKCI:) A on Lolliston !31. HE.

ﬂ o o
)(.,7{3 s OLS 0 o collesion wn HE
or {1 OO + HUY), then
A a
. them &t u& alg o

Im either Case, Jdf Lt Wb casy to :Fnd. o colision H
eosy to find, oo colllsiom tn HY. Bub since H* s collision meststant, ot

Ub Mot casy to J%'m LoUlsions wn H. = HX must also be Collision sesistant.




4

n-1 n

Let H:fu,li -’{a.la-l be oo tollusion aeststant hash funtt:,t}ﬂ. Is the juLLowL‘r\Lj

ol$e O Colllstom aeswitant hosh ?
A in Ak
H: {Gll'g - fnﬂiﬁ > H (x"""x}_,h) =
Nel
I I

Amy Paf_n nf ué.ﬁ:,‘}"ljs DJC the jonm =1, % Ny ¥ XL, N, %

e A HK(‘K;H — Aan) E:f‘ =0

n .
1 obtheawise

hosh to the Same ou,tfau,t' 1"
= ° o o A K
= Tﬁey oAl olstom un  H .

Nk

aQ

= Since Lt up ensy to Jliﬂd, Lolistons un  HS, b us ot (Colliston -

a
Neswutant.



Menkle - Domgard Transform
“J L

Ket hK:fO,li'm—-) [‘-':),13‘1"l be . CRHE

x n
we can design o CRHF He fong = font o follows::

Let 'K,Efﬂulﬁl- be o L-bit f:nru.b' that we want to hash M;[ﬂj H.

PMQC x.z ‘xl"", xB ? Whm&

I¥ L us

~ a0
Set IV =0

Zo= 1V )H hh Zi hk‘

not odiuvisible byh

L&)

Cleciyn:

I hx ux o CRHF,

B- and each X; e§mr§

we Pa_d, x with aﬂamfmo.te_bﬂ mony Os.

LNt aioZotion c.ctoT.

then %o s Hyg.

xg

L




¥ 5

What ..?3‘ we wuse the MenKle - Da_m\c)&md., t»\,omsj—uvm on }-?_? Ts bhe

ﬁc.sut&’mj jLLﬂbb{.OYI Lolle siomn - mest bant 2
Yesl

Recalk that (m the MmKLﬂ-:Do..mj&h,d, U'ua:nafu‘rm, we Start wibh Z,=1Iv= 0"
Zy= H¥(zo| ) = HS(O"| %) = o) H* (0" |lx)
Zy= H*(2ll) = (o K (0™ x)xy) = Ol H (H (0" ) ] xs)

Thus e,xac,bbi.j wKe a.FPuJi‘nﬂ the MeaKle - Dﬂ.maa:wal. tnansfufm oM HK, e;'x.cz.’af:
that €ach Z; J& /:me,:eﬂote.d. with O.

The P.fwuf b mm,c,frlj s ]fmr MerkKLle - Dﬂ.mjathi aﬂabf,t.d. on H.




¥

K o - . o
Aet fo{n,ls"-—sfuuS"jR be a.j—a:mﬂtj of LOULSLON ~ AeSLtant hash j—umuxom.
obbatned o +he the MenKle - D&Tﬂj&hd’ ha_’nsform.

Let Gem be Ehe wmmlaondinj Key sa,mfdﬂj a,lﬂmi’lkhm.

I8 the fouowﬁhﬂ an d&ﬂjﬂﬁ’j&&blﬂ MAC Stheme?

5cttz,f>f K< Gen . Dut,:u,tdu-"'—’ Pu.bbf,t, k Kvnown to the Mmsaﬁﬁ

Ke\uj Gen : JL"(‘L{ONjﬂ- Qu.thut-’ A.—> MAC Key hidden from a.d,msahﬁ
Si(’jﬂ(,}(,.n,m): Q'u..tj)u,t‘ HK(J‘L”TY]).

Ne|
et H

" be obtaimed Via o Meakle - Da:mjiad, bbamsf-O‘rm on 6

CRHE KK fo "= fong”



®

Adv

me{ougﬂ

Let L be an n-bit
_h&rht,ﬁunbaﬁnn u‘-

LY t(ﬂm 2n

LeE 'm"- 'Wt".’..

et L' be omn m-bit
Aeprusentation of
Jﬂih eA 3In

o = hk(cr” L)

&

) K Ch
K& Gren
s 4 Jbé};'—‘follgrh

H(Allm) = hk(hﬁ(hx( o Ju)um) ﬂz..)

>

Tt b easy o ¢ee that thus us Q

valcol jﬂﬁ'jwy
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